Abstract We show that the X-ray diffraction peaks from crystals with dislocations can be adequately modeled by pairs of dislocations of opposite sign with random position, orientation, and distance between dislocations in the pair. The mean distance between dislocations in the pair can be taken to be comparable to the mean distance between all dislocations, which corresponds to the Wilkens parameter M & 1 typical for many experiments. The diffraction peak profiles are calculated by the Monte Carlo method and compared with an analytical approximation.
Introduction
X-ray diffraction is a well established tool to study crystals with dislocations. The primary aim of these studies is to determine the dislocation density, and the diffraction peak width is the simplest parameter that could characterize it. However, the peak width depends not only on the dislocation density but also on the correlations between dislocations. Particularly, Krivoglaz and Ryboshapka showed that uncorrelated dislocations give rise to a divergence of the peak width when the crystal size tends to infinity [1, 2] . Dislocation correlations have to be considered for a proper treatment of the diffraction peak widths. The information on dislocation correlations can then be used to understand the processes of plastic deformation that lead to such dislocation distribution. For example, it can be used to estimate the elastic energy stored in a deformed crystal [3] [4] [5] [6] .
Wilkens [3] [4] [5] noted that the divergence of the diffraction peak widths caused by uncorrelated dislocations has the same origin as the divergence of elastic energy in the dislocated crystal. The elastic energy reduces, if dislocations rearrange to screen the long-range strain fields of each other. Wilkens proposed a 'restrictedly random dislocation distribution' model. In this model, the crystal consists of cells of equal size. Each cell contains the same number of straight dislocations, distributed in the cell in a random uncorrelated way. The cell contains equal numbers of dislocations with opposite Burgers vectors, so that the total Burgers vector in each cell is zero. It is assumed that the strain fields of the dislocations in a cell are restricted within this cell and do not penetrate into other ones. The dislocation distribution is characterized by two parameters, the dislocation density r and the cell radius (or the cutoff distance) R. Instead of the cell radius, one can take the dimensionless parameter M ¼ R=r d , where r d ¼ r À1=2 is the mean distance between dislocations. Hence, the number of dislocations in a cell is about pM 2 . The Wilkens model was successfully applied to describe the experimental peak profiles in various polycrystalline materials [7] [8] [9] [10] [11] . The same approach was used to study threading dislocations in gallium nitride epitaxial films [12, 13] . The values of the parameter M obtained in all these studies vary in the range from 1 to 3. These values indicate strong correlations between dislocations and at the same time call in question the model. If each cell contains just a few dislocations, what are the cell boundaries that prevent penetration of the dislocation strains into other cells? No boundaries between dislocations are expected nor observed by electron microscopy. The grains in polycrystals are much larger, contain many dislocations, and would result in values of M at least of several tens.
The Wilkens model has been also studied by the Monte Carlo method [14, 15] by placing several hundreds of uncorrelated parallel dislocations in a cylinder of radius R. The calculated diffraction peak [14] or correlation function [15] were averaged over a large number of independent samplings, keeping constant cylinder radius and the number of dislocations. Again, these calculations correspond to the M values larger than 10. A distinction between a cell of the Wilkens model and a sample size in the Krivoglaz and Ryboshapka treatment becomes subtle.
The modeling of the process of elastic relaxation in a system of initially uncorrelated dislocations [16, 17] shows that the dislocations rearrange to reduce the total elastic strain. Dislocations of opposite signs tend to arrange in pairs, while dislocations of the same sign tend to form walls. The mean distance between dislocations of the opposite sign in the pair is comparable to the mean distance between dislocations, so that the parameter M would be of the order of one. However, there are no cells to restrict the long-range strain field of each dislocation.
We show in the present paper that correlated dislocation distributions with M $ 1 can be consistently de-scribed by pairs of dislocations with opposite Burgers vectors. Positions and orientations of the pairs are not correlated, while the random distance between two dislocations in the pair may have any appropriate probability density. We mainly consider the case M ! 1 with overlapping dislocation pairs. By that reason, we avoid referring to these pairs as dipoles. The dipoles, which are pairs with a separation of the dislocations in the pair small compared with the distance between dipoles, can be analyzed separately [18] .
We calculate the x-ray diffraction peak profiles by the Monte Carlo method. Different probability distributions for the distances between dislocations in the pair are employed. The peaks are fitted by an approximate formula based on the Krivoglaz and Ryboshapka [1, 2] and Wilkens [3] [4] [5] expressions. Hence, the diffraction peak calculated by the Monte Carlo method for given positional correlations between dislocations, without any further approximations or simplifications, is used instead of the experimental data to check the approximate formulas. We also find that the dislocation density can be fairly accurately determined from the peak profile. We find that the cutoff distance R, that replaces the cell size of the Wilkens model, is of the same order as the mean distance between dislocations, but does not coincide with it. Moreover, R depends on the distribution type for the distances in the pairs and on the reflection order. A universal behavior for each distribution type is found only in high-order reflections.
Monte Carlo calculation of diffraction peaks

Intensity and correlation function
Our aim is to study the shape of an X-ray diffraction peak, i.e., the X-ray intensity distribution from a distorted crystal in the vicinity of a reciprocal lattice point Q of its average lattice. The momentum transfer can be written as Q þ q, where the deviation q from the reciprocal lattice vector Q is small, q ( Q. In the kinematical approximation, the scattered intensity is the product of two factors, IðQ þ qÞ ¼ jF Q j 2 SðqÞ. Here the complex structure amplitude F Q describes the scattering from the average unit cell, and the real-valued structure factor SðqÞ is due to deviations from a perfect periodicity of the unit cells. The structure factor SðqÞ can be written as a Fourier transform
of the pair correlation function
Here UðrÞ is the total displacement at the point r due to all defects in the crystal. Equations (1), (2) imply translational invariance, r ¼ r 1 À r 2 . The angular brackets h. . .i denote the statistical average over the defects in the crystal. The total displacement can be written, due to linear elasticity, as a sum of displacements from individual defects UðrÞ ¼ P a; j u a ðr À x aj Þ, where a denotes different types of defects (in particular, dislocations with different line directions and different Burgers vectors) and x aj is the position of the j-th defect of type a. The statistical average in (2) is performed over types and positions of the defects in the sample. In a powder diffraction experiment, the three-dimensional intensity distribution is integrated over the Ewald sphere, i.e., over two components of the wave vector q that are perpendicular to Q. Then, the structure factor (1) reduces to a one-dimensional integral
Here the plane ðx; yÞ is perpendicular to the dislocation lines, and the z axis is along them. The dislocation displacement field uðx; yÞ does not depend on z. The direction of the x axis is chosen so that the reciprocal lattice vector Q lies in the ðx; zÞ plane. More precisely, the exponential factor in (3) should be written as exp ðiqx=cos yÞ, where y is the angle between Q and the ðx; yÞ plane. We omit the cosine factor for simplicity, by absorbing it in the wave vector q. Equation (3) implies an infinite coherence of the X-ray beam. If the correlation function GðxÞ possesses a finite limit at x ! 1, the structure factor SðqÞ contains the coherent peak proportional to the delta-function dðqÞ. It is convenient to take into account the finite resolution of an X-ray diffraction experiment from the very beginning [19, 20] and modify Eq. (3). The measured intensity distribution is given by a convolution of SðqÞ with the resolution function RðqÞ. Since the Fourier transformation of a convolution gives rise to a product of Fourier transforms, we have, instead of (3),
where the real-space coherence functionR RðxÞ is the Fourier transform of the resolution function RðqÞ. Then, the coherent peak, if it is present, provides a contribution to the structure factor proportional to RðqÞ. We take a Gaussian coherence function,R RðxÞ ¼ ð2ps x Þ À1=2 exp ðÀx 2 =2s 2 x Þ, where s x is the coherence length of a diffraction experiment. In the Monte Carlo calculations presented below, we choose s x large enough, so that the resolution does not influence the resulting intensity distribution. The introduction of the resolution function allows for a smoothing of unphysical oscillations caused by rigid edges of the simulation cell, and also diminishes statistical fluctuations of the Monte Carlo calculation.
Monte Carlo calculation of G(x)
The correlation function (2) is well suited for a Monte Carlo calculation. One needs to generate a distribution of dislocations, find the total displacements at two points r 1 and r 2 separated by a given distance r, and calculate the term
where n is the number of the generated dislocation set. Then, the estimate for the correlation function GðrÞ is given by
where N is the number of generated dislocation sets. The accuracy of the approximation (6) increases with the statistics as s= ffiffiffiffi N p , where
The two sums, the ones of g n and g 2 n , can be accumulated in parallel without extra computational effort [20] .
Positional correlations of dislocations
The statistical properties of the dislocation distribution generated in the Monte Carlo calculation have to model the investigated physical system. If the positions of the dislocations are not correlated, the diffraction peak width diverges in the limit of an infinitely large crystal [1, 2] . In the Wilkens restrictedly random distribution model, dislocations are assumed to be positionally uncorrelated within cells, and the strain fields of the dislocations in the cell are assumed to be restricted within this cell. This model fails to explain the observed peaks corresponding to just a few dislocations in the cell. There are no physical borders in a crystal that subdivide it into cells containing just a few dislocations, and thus there are no physical borders that could cut the strain fields of the dislocations.
In the present paper, we model the dislocation distribution by generating pairs of dislocations with opposite Burgers vectors. The pairs have random uncorrelated positions and orientations. The distance between dislocations in a pair is random with some probability distribution. We examine exponential and Gaussian distributions, as well as let all pairs have the same distance between dislocations (unimodal distribution). The mean distance between dislocations in the pair R c plays the same role as the sample size or the cell size in the models discussed above. It is the characteristic length of screening of the dislocation strain field by other dislocations. No additional borders are needed to restrict the dislocation strain fields. Taking R c several times larger than the mean distance between dislocations r d , we generate overlapping pairs which pro-
In a separate study [21] , we rigorously show that such dislocation distributions do provide a finite (independent of the sample size) width of the correlation function GðxÞ and a finite diffraction peak width. Moreover, if only pair correlations between dislocations are considered, any pair correlation that provides the screening (the sample size independent diffraction peak width) can be modeled by taking its pair correlation function as the probability density for the distances between dislocations in the pairs.
Calculation results
Figures 1a, b show random distributions of screw dislocations generated in the way described above. Open and filled circles represent dislocations with Burgers vectors up and down, respectively. Dislocations with opposite Burgers vectors are generated in pairs. The centers of the pairs are chosen on random. The orientations of the pairs are uniformly distributed on ½0; 2p. The distances between two dislocations in the pair are taken from the exponential distribution with mean R c . The cases R c ¼ 1 and 5 are shown in Fig. 1a and b, respectively. Hereafter we use the mean distance between dislocations r d as the unit length. The correlations between dislocations can hardly be found by eye. However, the correlation functions GðxÞ calculated by the Monte Carlo method (5), (6) show a notable difference.
We calculate the structure factor SðqÞ by numerically making Fourier transformation (4). The spatial integral (4) could also be calculated by the Monte Carlo method. Such a calculation has been performed for misfit dislocations in epitaxial films, where the spatial integral is three-dimensional [20] . In the present case of one-dimensional integral, the direct numerical calculation of the integral is faster. Figures 2a, b show, by thick black lines, diffraction peaks calculated by (4) for the dislocation distributions of Fig. 1 . Thin green lines are the fits described in the next section. The same curves are presented in the linear (Fig. 2a) and logarithmic (Fig. 2b) fraction peaks. It is due to scattering in the vicinity of individual dislocations and therefore it does not depend on their correlations [2] . Note that the asymptotic parts of the curves in Fig. 2b not only obey the same q À3 law but show the same absolute values, since the dislocation density is the same for both curves. The measurement of this asymptotic part of the diffraction peak is therefore a reliable way for determining the dislocation density.
The curves in Figs. 2a, b are obtained for the same dislocation density but for different correlations between dislocations. They clearly show that the diffraction peak width strongly depends on the correlations. The dislocation density cannot be determined from a peak width only. Proper account of correlations or the asymptotic scattering measurement are needed to determine the dislocation density. Figure 2c compares the peaks obtained for increasing reflection orders. The parameter gb is defined as gb ¼ Qb=2p. The peak widths increase with the reflection order proportional to gb, as it should be for the disorder caused by strain. The fits of the peaks are also analyzed in the next section.
Let us now discuss the choice of parameters in the Monte Carlo calculation. Two different sets of parameters are needed to minimize the amount of computations for two different purposes, accurately calculate the central part of the peak (Fig. 2a) or accurately calculate the peak asymptotes without paying special attention on the central part of the peak (Fig. 2b) . Particularly, in the case R c ¼ 1, the following values of parameters were used. The central part of the peak was calculated with the simulation cell size 15 Â 15 (in units of the mean distance between dislocations). The correlation function GðxÞ was calculated on a grid of the x points taken from 0 to 8 with step 0.2. The number of the generated random dislocation configurations was N ¼ 10 5 and it took 1 minute of cpu time to calculate the peak. The coherence length in the resolution function was taken s x ¼ 10. To calculate the asymptotic part of the intensity distribution in Fig. 2b , a cell size of 5 Â 5 is sufficient. However, the step of the x-grid needs to be reduced to 0.02 and N ¼ 10 8 generated dislocation configurations are needed to overcome the statistical noise in the tails of the peak. This calculation needed 18 hours of cpu time. A lower resolution with the coherence length s x ¼ 1 is sufficient.
Approximate calculation of diffraction peaks
The approximate expression for the correlation function GðxÞ, derived by Krivoglaz and Ryboshapka [1, 2] for uncorrelated dislocations and modified by Wilkens [3] [4] for the restrictedly random dislocation distribution, can be written as
Here h ¼ gbx=2R, and c is a factor that depends on the orientation of the Burgers vector, reflection vector, and the dislocation line direction. For screw dislocations considered here, c ¼ p. For general expressions of c that take into account crystal symmetry, elastic anisotropy, and dislocation arrangements we refer to a recent paper [22] that also reviews previous works. Calculation of the correlation function GðxÞ for positionally uncorrelated dislocations [1, 2] gives f ðhÞ ¼ Àln h. If this formula is used in the whole range of x from 0 to R in the Fourier integral (3), the calculated structure factor SðqÞ reveals unphysical oscillations caused by an abrupt truncation of the integrand. Wilkens [4] proposed a bulky formula for f ðhÞ that behaves as Àln h for small h but continuously decreases to zero as h is increased to infinity. Kaganer et al. [12] proposed a simple interpolation formula with the same asymptote. In the notation of the present paper, it reads
where h 0 is a constant. (9) is much simpler. Its only role is to extrapolate Àln h so that f ðhÞ remains positive for h > 1 and provides smooth Fourier integration of the function GðxÞ in the infinite limits. We fit the diffraction peaks that are obtained by the Monte Carlo calculation to the structure factor given by the Fourier transform (3) of the correlation function
The fitted diffraction peaks are shown in Fig. 2 by thin green lines. They well agree with the results of the Monte Carlo calculation (thick black lines). Since the dislocation density r and the correlation length (the mean width of the dislocation pairs) R c are the input parameters of the Monte Carlo calculation, we can use its results to check the accuracy of the approximate formula (10) . Figure 4a shows the dislocation density obtained from the fits of the curves in Fig. 2a . The results of similar Monte Carlo calculations for different correlation lengths R c and different probability distributions for the distances in the dislocation pairs are collected in the same plot. We compare exponential, Gaussian, and unimodal (all pairs have the same distance R c between dislocations) distributions. We recall that the dislocation density was taken to be equal to one in the Monte Carlo calculations. One can see that, for R c ! 2, the fits overestimate the dislocation density by 20%. This accuracy seems good enough, since other sources of the error, particularly non-uniformity of the dislocation distribution and curvature of the dislocation lines, have a larger effect. For smaller R c , the fit can notably overestimate the dislocation density. These fits minimize the mean-squared difference between the 'observed' (Monte Carlo calculated, in our case) intensity and the one calculated by (3), (10) .
In Fig. 2b we minimize the mean-squared difference between logarithms of these two intensities. This latter fit primarily takes into account the low-intensity tails of the peak, where the intensity follows the q À3 law and is proportional to the dislocation density. Such a fit (shown in Fig. 2b ) provides better accuracy, within 4%, for the dislocation density determination. Asymptotic scattering measurements are hardly possible in the powder diffraction studies, since the tails of different diffraction peaks overlap. However, such measurements are performed for epitaxial films. Examples are threading dislocations in GaN epitaxial films [12] and misfit dislocations at the GaAs/Si(001) interface [23] .
The cutoff length R, see Fig. 4b , is approximately proportional to the mean distance between dislocation in the pair R c . However, the proportionality coefficient R=R c depends on the type of distance distribution in the dislocation pairs. For the case of Fig. 4b , the ratio R=R c is 0.8 for the Gaussian distribution, 1.7 for the exponential distribution, and 3.2 for the unimodal distribution. In the Monte Carlo calculation, we know which type of dislocation correlations is used. In an experiment, this is not known a priori and cannot be obtained from the peak profile analysis. The cutoff distance R is the only quantity that can be obtained from the experiment. Figure 4c shows that the cutoff length R depends also on the reflection order. For higher order reflections, gb ! 5, it reaches constant vaDiffraction peaks from correlated dislocations lues, albeit different for different types of dislocation correlations.
The cutoff length R can be used to estimate the elastic energy stored in the dislocated crystal [3] [4] [5] [6] . The elastic energy per unit dislocation length of a pair of dislocations with opposite Burgers vectors is equal to ðmb 2 =2pÞ ln ðs=a 0 Þ, where m is the shear modulus, s is the distance between dislocations in the pair, and a 0 is the dislocation core size. The average of the elastic energy density over the distribution of the distances between dislocations in the pairs can be written as
The elastic cutoff distance R el can be calculated analytically for the distributions of the distances between dislocations that are studied here [21] . We find R el =R c ¼ 0:56 for the exponential distribution, 0.53 for the Gaussian distribution, and 1 for the unimodal distribution. We can compare now R el with the cutoff distances R for the X-ray diffraction peaks that are obtained in Fig. 4c . We take the constant values of R that are reached at gb ! 5 and find that the ratio R el =R is 1.2 for the exponential distribution, 1 for the Gaussian distribution, and 0.9 for the unimodal distribution. Hence, we find that R el % R with an accuracy of 20%. The cutoff distance obtained from the diffraction peak profile can therefore be used to estimate the elastic energy stored in the dislocations, despite the type of correlations and the correlation length R c cannot be obtained from the experiment.
Conclusions
We model the X-ray diffraction peaks from a dislocated crystal by pairs of dislocations with opposite Burgers vectors. The position of the pair, its orientation and the distance between dislocations are random. We compare different distributions of the distance between dislocations in the pair. The mean distance in the pair R c comparable with the mean distance between all dislocations r d ¼ r À1=2 gives rise to the Wilkens parameter M $ 1 and describes typical experimental peak shapes. We calculate the diffraction peak profiles by the Monte Carlo method. In more detail, we perform a statistical average over dislocation configurations by the Monte Carlo method to obtain the real-space correlation function, and then numerically make its Fourier transformation.
We fit the Monte Carlo calculated peaks by using the approximate formula (10) for the correlation function, as we suggested earlier [12] . We show that this formula provides reliable values of the dislocation density. If the fit is performed on a linear scale (the mean squared difference of the measured and the calculated intensities is minimized), the dislocation density is overestimated by about 20%. The fit on logarithmic scale (the mean squared difference of logarithms of intensities is minimized) is more accurate, since the asymptotic scattering at large q; proportional to q À3 , is sensitive to the dislocation density but not to the dislocation correlations.
The cutoff distance R obtained in the fits depends on the type of dislocation correlations and can notably deviate from the mean distance in the pair R c . However, the cutoff distance R is just the quantity that can be used to estimate the elastic energy stored in the dislocated crystal.
